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Statistical Mechanics of Sequence-Dependent Circular DNA and Its
Application For DNA Cyclization

Yongli Zhang* and Donald M. Crothers**

*Departments of Molecular Biophysics and Biochemistry and fChemistry, Yale University, New Haven, Connecticut 06511

ABSTRACT DNA cyclization is potentially the most powerful approach for systematic quantitation of sequence-dependent
DNA bending and flexibility. We extend the statistical mechanics of the homogeneous DNA circle to a model that considers
discrete basepairs, thus allowing for inhomogeneity, and apply the model to analysis of DNA cyclization. The theory starts from
an iterative search for the minimum energy configuration of circular DNA. Thermodynamic quantities such as the J factor,
which is essentially the ratio of the partition functions of circular and linear forms, are evaluated by integrating the thermal
fluctuations around the configuration under harmonic approximation. Accurate analytic expressions are obtained for equilibrium
configurations of homogeneous circular DNA with and without bending anisotropy. J factors for both homogeneous and
inhomogeneous DNA are evaluated. Effects of curvature, helical repeat, and bending and torsional flexibility in DNA cyclization
are analyzed in detail, revealing that DNA cyclization can detect as little as one degree of curvature and a few percent change in
flexibility. J factors calculated by our new approach are well consistent with Monte Carlo simulations, whereas the new theory

has much greater efficiency in computations. Simulation of experimental results has been demonstrated.

INTRODUCTION

Many experiments have demonstrated that DNA exhibits
sequence-dependent curvature (Hagerman, 1990). The well-
characterized motifs include A-tracts (Crothers et al., 1990),
the GGGCCC motif (Brukner et al., 1993), and a nucleosome
positioning sequence TATAAACGCC (Roychoudhury et al.,
2000). In addition, DNA bending and torsional flexibility
may also be sequence-dependent (Hogan et al., 1983;
Hagerman, 1988). These sequence-dependent features can
be well sensed by DNA binding proteins, with biological
significances that have been widely noted (Vandervliet and
Verrijzer, 1993; Dickerson and Chiu, 1997). One prominent
example is a pre-bent TATA box, which can vary the TBP
association constant up to 300-fold (Parvin et al., 1995). This
characteristic of protein-DNA interplay may provide a
new dimension for the identification of gene organization,
because certain DNA tertiary structural and flexibility
information may have been encoded into DNA sequences
during evolution (Pedersen et al., 2000).

A variety of experimental approaches have been devel-
oped to investigate DNA bending and flexibility, including
comparative gel electrophoresis, crystallography, electron
microscopy, and DNA cyclization (Bloomfield et al., 2000).
Among these methods, DNA cyclization (Shore et al., 1981;
Shore and Baldwin, 1983; Crothers et al., 1992; Roychoud-
hury et al., 2000) distinguishes itself by its complete theore-
tical guidance, lack of artifacts due to the perturbations of
crystal packing forces (Digabriele et al., 1989), or gel matrix
(Sitlani and Crothers, 1996), and especially high sensitivity
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(Crothers et al., 1992). These aspects make DNA cyclization
an outstanding approach to quantify DNA bending and
flexibility. In this method, DNA constructs from one hundred
to several hundred basepairs with cohesive ends are tested for
their circularization rates catalyzed by DNA ligase. The
J factors, which are defined as the ratios of equilibrium
constants for ligatable unimolecular and bimolecular forms
with cohesive ends hybridized, are measured from their
ligation rates under certain conditions. The J factor is an
important concept with significant physical meaning and
broad applications initially defined by Jacobson and Stock-
mayer (1950). In DNA cyclization, it is the equivalent
concentration of free DNA end that matches the concentra-
tion of one end at the other in a ligatable form. Once a set of
J factors is obtained experimentally, intrinsic curvature and
flexibility parameters are inferred by computer modeling of
the cyclization process (Roychoudhury et al., 2000). The
current Monte Carlo-based approach has long been the only
way to treat inhomogeneity in the model (Levene and
Crothers, 1986). However, it is not uncommon for data
interpretation to take several months because of the lengthy
simulation and multidimensional search for the best param-
eter set. With the advent of a high throughput approach for the
cyclization experiments (Y.L. Zhang and D.M. Crothers, in
preparation), the time-consuming modeling procedure will
become a rate-limiting step. It is the main aim of this work to
present an efficient way to deal with this problem.

Several analytical and numerical theories have emerged for
calculating the mechanical equilibrium shapes of DNA circles
or loops based on continuous elastic models (Benham, 1977;
Hao and Olson, 1989; Bauer et al., 1993; Balaeff et al., 1999).
For example, Yang et al. (1993) applied the finite-element
approach widely used in mechanical engineering to in-
vestigate DNA supercoiling, and later investigated effects of
large-scale intrinsic curvature on DNA shape transitions
(Yangetal., 1995). All these theories are equivalent to finding
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DNA configurations with minimum energies. However, as
a thermodynamic system, DNA molecules can occupy a
variety of configurations with different energies, determined
by the Boltzmann distribution. In addition, the continuous
models neglect any local irregularities in basepair level
properties. It has been shown that sharp DNA bending, or
kinking, is a general model of DNA curvature induced
by protein binding (Luger et al., 1997), which excludes
applications of the continuous model in this interesting field.
Recently an effort has been made to map an inhomogeneous
discrete model to a continuous one, but sophisticated
smoothing must be employed to filter some local irregularities
(Manning et al., 1996). To treat DNA cyclization, a statistical
mechanical description of the DNA molecule at a basepair
level is more appropriate. Monte Carlo simulations have been
widely developed as generic methods for this aim (Hagerman,
1985; Levene and Crothers, 1986). Analytic statistical mech-
anical investigations are also available for continuous models
(Shimada and Yamakawa, 1984; Marko and Siggia, 1994,
1995). But they are generally limited to the homogenous cases
where the equilibrium configurations are apparent.

We extend the current statistical mechanical description of
circular DNA to a basepair-level model capable of dealing
with any sequence-dependent inhomogeneity in bending and
flexibility and apply it to the calculation of DNA cyclization.
The new approach is mainly applicable to small DNA
circles. It involves an iterative search for the minimum
energy configuration of circular DNA and subsequent
evaluations of the thermodynamic quantities under harmonic
approximation. It is validated by comparison with the Monte
Carlo simulations for small DNA molecules. An accurate
formula for the DNA circular configuration containing
bending anisotropy is found. Theoretical investigations into
DNA cyclization show that it is capable of detecting cur-
vature as small as approximately one degree and a flexibility
change as low as several percent. Application of the new
theory is demonstrated for interpreting cyclization data.

THE MODEL AND THEORY

In our DNA model, each basepair is viewed as a rigid body.
Its center and orientation is described by a vector # and an
attached local Cartesian coordinate (dl(i), dz(i), d3(i)), re-
spectively (Manning et al., 1996), where the unit vector d, ®
is defined to direct to the major groove and 5" to the center
of the next basepair, with superscript i =0, ..., N — 1 the
basepair numbering. The orientation of basepair i + 1
relative to i is described by three angular variables called tilt,
roll, and twist, which are the successive rotations along d; (i),
dz(i), and d3(i), respectively, in accordance with the Cam-
bridge Convention (Dickerson, 1989; Bloomfield, 2000).
Relative sliding or shifting between basepairs is not allowed
in this model. Let x; denote any of these variables among the
total of 3(N — 1); the Hamiltonian (Levene and Crothers,
1986) of free DNA molecule can be expressed as:
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3(N-1)

Z a;(X; —Xo.i)zy (1

i=1

B =

where {x¢;, I = 1,...,3N — 3} specifies the static
configuration of DNA and {a;, i = 1,...,3N — 3} the
rigidity parameters defined on dinucleotide steps, and 8 = 1/
(kgT) is the Boltzmann factor. In the homogeneous case, the
rigidity parameter is related to the elastic force constant K by
o = K/(Q2lkgT) where [ is the helical rise of DNA basepair
and persistence length P by a = P/2 if [ is chosen as length
unit and radian as angle unit in Eq. 1. It also correlates with
average bending or twisting fluctuation o by a = 1/(207)
(Bloomfield et al., 2000). The possible cross terms re-
presenting the coupling among tilt, roll, and twist are not
considered. Under harmonic approximations for dinucleo-
tide interactions, it seems unreasonable not to incorporate
these terms. However, the statistical investigation for DNA
crystal structures reveals that the force constants of cross
terms for all 10 dinucleotide steps are generally much less
than the corresponding diagonal terms (Olson et al., 1998). If
the cross terms are of interest in some circumstances, the
Hamiltonian incorporating all cross terms can always be
converted to the diagonal form in Eq. 1 by redefining the
three rotation axes for 10 nondegenerate dinucleotide steps
through orthogonal transformations.
According to the definition of J factor,

J= 877'2%, 2)

where Z. is the partition function for a subset of DNA
molecules with closed configurations, Z refers to molecules
lacking the cyclization constraint. The coefficient comes
from the fact that only a fraction 1/(47) X 1/2) of free
molecules align with a molecule of fixed orientation, where
1/(47r) is the probability density of aligning the helical axes
and 1/(2) the conditional probability density of registering
torsional alignment given the two helical axes in parallel.
The difficulty of evaluating J comes from Z,, inasmuch as Z
is rigorously solvable, i.e.,

4o
Z= J exp(—BH)dx; - - - dX3n_1) =
3)
Here extensions of integration limits from *#/2 or =
(Gonzalez and Maddocks, 2001) to infinity have been util-
ized due to small fluctuations compared to the limits. It can
be shown that quantum effect is negligible in our model.
Suppose the ring closure conditions can be mathematically
described by a set of constraints, i.e.,

fOX,. .., Xans) =0, j=1,...,m 4)

where m = 6 is the total number of constraints for
a circularized molecule, including three for translations and
three for orientations in aligning two rigid bodies (the first
and the last basepairs); then Z_ can be written as:
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3(N-1)
ZC :Jexp (— z ai(Xi — X0.1)2>

X S(FMY - 5(F)dx, - - Aoy s )

The constraints are highly nonlinear equations, which makes
exact evaluation of the integral impossible. In the following
we give an approximate calculation for small DNA circles
of interest in DNA cyclization by taking advantage of
their small fluctuations around the minimum elastic energy
configurations, inasmuch as it is energy that dominates in
this case. Therefore one should first compute the minimum
energy configuration of DNA circle. Once it is found, the
small fluctuations around it can be integrated by a harmonic
approximation. The validity of the approximation is tested
independently by Monte Carlo simulations.

To find the minimum energy configuration of a circular
DNA seems not to be easier than the whole problem, because it
is related to the optimizations of a large number of parameters.
The simulated annealing (Hao and Olson, 1989) and methods
from mechanical engineering (Bauer et al., 1993; Yang et al.,
1993) were used to compute the shapes of DNA circles based
on continuum models. For these models, a variety of dis-
cretizations were the first steps toward numerical compu-
tations. Since our model is directly defined in terms of discrete
parameters with obvious biological meanings, a new approach
will be provided to calculate the circular DNA configuration
with minimum energy. The problem is equivalent to finding
the minimum of the energy function in Eq. 1 subject to the
constraints in Eq. 4. Thus we define a Lagrange function

L:BH “1‘21/\_]1:(‘])(X1,.7X3N,3)7 (6)
j=1
where A;j, j = 1,...,m are Lagrange multipliers. Equate the
partial derivatives of L overboth x;, i=1,...,3N — 3 and A;,
j=1,...,mto zeros, leading to
oL m
o 20 (% — Xo;) + Zl)\jﬁl@ =0, i=1,...,3N -3,
oL "
87)\121: )(Xh ;X3N73):07 lea 'ama
)
where
. of i)
DXy, Xanes) =
Bl ( 1y s N3N 3) 8Xi )
i=1,...,3N=3, j=1,....m. (8)

The circular configuration with minimum energy, or
mechanical equilibrium configuration, must be a solution
of the above system equation. To solve it, we construct an
iterative process. Suppose our current DNA configuration is
{x3, i = 1,...,3N — 3} and after one step of updating it
becomes {x; ,i=1,...,3N — 3}. To establish the rule of the
updating, we first linearize the constraint functions in Eq. 7
by Taylor expansion, i.e.,
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. 3N .
FOX, .. X))~ Y, B —x)+ 10, j=1,...,m,
i=1
€))
where

fo(‘l) = f(l)(xl, .« 7X3N73)' (10)

Then we rewrite the first equation in Eq. 7 as follows

' 1 < j H

Xi = Xoi =5 YABY, i=1,...,3N -3. (11)

ij=1
Substituting Egs. 9 and 11 into the second equation in Eq. 7

after replacing {x;, i = 1,...,3N — 3} with {x;/, i=1,...,
3N — 3} and solving for A, j =1, ... ,m, we get

1
A=3BC, (12)
where
Ay
Ay
A= ,
Am
(13)
and
3(N—])BQ)BQ')
B”/ = i i
1] i; 4ai I
3(N-1) . . o
Cj = z (XO,i_Xi)BiO)_FfO(J)a 171’217"'7m' (14)

1

We further define the following matrices and vectors before
giving the formula for the configuration updating in the
iterative process, i.e.,

Q; = aib;, i,j=1,...,3N =3,

By=pBY, i=1,...3N-3 j=1,....m,

A = (Jai(% — Xoi),

AliE\/avi(Xi,_Xo,i% i=1,...,3N -3,

fo= (0, AT,

B=0'B,

G= (B8 s (1)

Here 6;; = 1 if i = j and 6;; = 0 if 7 # j. Eliminating A, j =
1, ... ,m in Eq. 11 with Eq. 12 and using the above
definitions, we finally obtain

A’ :GA—%BB’]fO. (16)

To start the iteration, an arbitrary configuration close to
a circle, which is not nece_:ssarily Clpsed, is chosen. Given
a configuration, both B;Y and f;” can be numerically
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calculated by multiplications of the transformation matrices,
as shown in the Appendix. The updating according to the
above equation is repeated until a convergence, or A’ = A, is
reached under certain criteria if the convergence does exist.
This converged configuration exactly satisfies all the
constraints for circularized DNA, as seen from Egs. 7, 9,
and 10. Therefore, for mechanical equilibrium configuration,
designated as {x.;, i=1,... 3N =3} with {A.;,j=1,...,
m} for the corresponding Lagrange multipliers calculated
from Eq. 12,

A =GA (17)
and
fo=0. (18)

We now return to the calculation of the partition function
Z. in Eq. 5. Using a Fourier transformation of the &(x)
function, i.e.,

i=1

8(x) = %Ji exp(lkx)dk, (19)
we can rewrite Z, as
Z = #Jexp(L’)dxl <o OXan_3dK; - - dky,  (20)
where
3(N-1) m
L'= Y a(x — %) = I Ykt (X, Xns) (21
=1

with / the unit imaginary number. This function is exactly
the same as the Lagrange in Eq. 6 if

)\j:—lkj, j:1>--~ama (22)

which suggests extensions of the variables k;, j =1, ..., m
from real axes to the whole complex planes and changes of
the integral paths from the real axes to the paths shown in
Fig. 1, parts of which are in the imaginary axes. This
transformation is well known as Wick rotation in quantum or
statistical field theory (Wick, 1954). The relationship shown
in Eq. 22 and comparison of the functions L and L’ indicate
that the maximum contribution of the integral in Eq. 20 is
around a point on the imaginary axis at

ki =1Ag, j=1,...,m (23)
and for x variables at
{Xeisi=1,...,3N =3}, 24)

Then saddle-point approximation (Bender and Orszag, 1978)
can be used to calculate the integral through a harmonic
approximation. To proceed, change variables as follows:

{XchAiJFUiv i=1,...,3N -3,

kj:kc.j'f'Vj, J:l,,m (25)
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» Re(k)

FIGURE 1 Diagram illustrating the complex extension of k and change
of the integration path from real axis to the indicated curve that goes through
part of the imaginary axis at the saddle point kcj; = IA..

Then we can extend the Taylor expansions of the constraints
to quadratic terms around the mechanical equilibrium
configuration, i.e.,

3N-3 3N-3

FOX, . oxans) =~ Y BPu+ Y DYuu,  (26)
i=1

ik=1

where

Do) = 1 o0
kT2 9% 0%, ’ (27)

{xe 1 Xe N3}

ik=1,....3N -3, j=1,....m

Here Eqs. 18 and 25 have been used. Substitute Eqs. 25 and
26 into Eq. 21 and neglect cubic terms, yielding
3N-3 3N-3 m
L' = Z Auug — | Z ZB’ijuiVj +E,, (28)
ik=1 i=1 j=1
where
Ak = a0y + Z/\C,jDi(ij()7 (29)
j=1
and

3

E, =

z

-3
a;(Xei — Xo,i)2 (30)

1

is the mechanical elastic energy of circular DNA. Here Eq.
23 and the first equation of Eq. 7 has been used. If we define

u;

Usn-3

<
ll

Vi

€1y

Vin
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and
A’ —1p’
M = . , (32)
— 1B 0
we can rewrite Eq. 28 in a quadratic form, i.e.,
L' =y"™My +E,. (33)

Integration for an exponential of a quadratic form over —,
—+ can be exactly calculated (see Appendix). Substituting
Eq. 33 into Eq. 20 and performing the integral, we obtain

e

Z 2" (34)

To facilitate the numerical computation, the determinant of
the BN — 3 + m) X (BN — 3 + m) matrix M can be
factorized, as shown in the Appendix.

The following formulas are directly used for numerical
computations in the forthcoming sections

2A—Es
J factor: J = 8me : (35)
/mdet(A)det(F)
(u?) ,
Fluctuations: ——<=K;, i=1,...,3N =3;  (36)
) (u;u;) o
Correlations: c=Ky, i#j, Lji=1,...,3N=3;
i0j
(37
1 3N-3 <u2>
Average potential energy: (E), = (BH), = 3 Y o< +E,
= o
(38)
Here
A = Q—]A;Q—]’ (39)
F=p'A"'B, (40)
and
K=A"'-A"'BF'g'A™". (41)

Derivations of Eqs. 35-38 are shown in the Appendix.

The main characteristics of our system are a free harmonic
Hamiltonian and a set of nonlinear constraints. To better
understand our above mathematic treatments, including the
incorporation of constraints by Fourier transformations,

cos¢cosT — sinfsingsinT

RY =

—cosfsing
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y=f(x)

H=a(x*+7y)

» X

FIGURE 2 A simplified model containing the two main characteristics
of our cyclization model: a free harmonic Hamiltonian and a nonlinear
constraint. This model can be used to test our harmonic approximation. If the
force constant of the spring is large, the movement of the point mass is
limited to the vicinity of the minimum energy point. Thus the nonlinear
function can be accurately replaced by its Taylor expansion up to first or
second order at the point.

expansion of the constraints, and saddle-point approximation,
we construct a simplified model shown in Fig. 2, which
contains the two characteristics of our real systems but much
less degrees of freedom. In this model, the movement of a point
mass connected to the origin by a spring is limited to the
indicated curve in the x—y plane. Its partition function can be
calculated with above procedures, as well as an alternative
approach specifically for this simplified model. In this
approach, the Hamiltonian is first expressed with only x
variable, eliminating y with the constraints, and then expanded
to quadratic terms according to the fluctuation around its
minimum point. The partition function can be calculated with
this approximated Hamiltonian, giving a same J factor as that
from the former approach. Since the approximated Hamiltonian
belongs to a harmonic oscillator in terms of its general co-
ordinate, we call a series of approximations in our new theory
for DNA circle harmonic approximation as a whole, HA4.

Numerical implementations and convergence

Suppose three angles (6,¢,7) represent the tilt, roll, and twist,
respectively, between basepairs i + 1 and i, any vector in
local coordinate 7 + 1 is related to its expression in frame i by
a multiplication of the following orthogonal matrix (Man-
ning et al., 1996):

—cosfsinT  singcosT + sinfcos¢sinT
cosfcosT  singsint — sinfcos¢pcost | . 42)
sinf cosfcos¢p
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To remove the degrees of freedom of global rotation that are
not relevant to DNA shape, the first basepair is fixed and an
external coordinate (e, e, e3) is set identical to (d;", d,",
d;"). In this coordinate,

d]((i):R(I)R(2>...R(ifl)ek7 i=2,....,N+1, k=1,2,3,

(43)

and

r=d" +d? +...+d", i=2,... ,N+1. (44

Here we have added a virtual basepair N + 1 to the end
whose overlap with the first basepair represents a closed
DNA configuration; and the vectors e; = (1, 0, O)T, e = (0,
1,0)7, and e5 = (0, 0, 1)". A length unit of helical rise per
basepair has been assumed in Eq. 44.

Several different sets of independent constraints are avail-
able to generate a closed DNA configuration. Choices must
be made to avoid those with all zero first derivatives. A con-
venient set of the constraints used in all following studies is

FONFD — 0, e -d;NH) =0,

e, - d(INJrl) =0.

e,-d™" and 45)

The first vector equation is the end-to-end distance
constraint, which is equivalent to three independent
constraints corresponding to its x, y, and z components.
The second and third generate a smooth helical axis by
zeroing projections of the helical axis direction at the end

Input tentative configuration

d
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point to the two perpendicular directions of the axis at start
point. The fourth one is to align two torsional directions.
Since this set cannot distinguish the cases where e3 - d3(N+l)
= +lande, -d, ™" = +1, as well as the global parameter
linking number, the initial configuration must be chosen so
that the iterations lead to a circle with the positive signs,
instead of a loop or a circle out of torsion phase, and
specified linking number, as shown in Fig. 3. The seemingly
simpler orientation constraints es - d;NY 1 =0ande, -
d,™Y — 1 = 0 partly avoid the above ambiguities.
However, it can be shown that their first derivatives for
angular variables all vanish for any circular DNA config-
urations, which leads to a singular B matrix defined in Eq. 14
and nonexistence of its inverse.

Our numerical computations with the above algorithm
reveal that the solution to Eq. 7 can be readily achieved with
a nearly exponential decay process in most cases. Conse-
quently, each calculation of the equilibrium configuration
usually takes less than 100 ms on a 1-GHz Pentium III
processor even for highly inhomogeneous sequences. As an
example, the circular equilibrium configuration for a typical
DNA construct used in cyclization is calculated. The 156-bp
DNA molecule contains a 60-bp phased A-tract portion that
contributes a 108° curvature (Koo et al., 1990). The other
part of the molecule is assumed to be straight with generic
B-DNA characters. Its intrinsic shape is shown in Fig. 4
(top). Note that according to the A-tract model (Koo et al.,
1986; 1990), the molecule is slightly out of plane, because

<

of DNA circle {x,,i=1,---,3N -3}

— » Calculate 8 andf”

l

Compute x; '

Setx; = x;' l

Check convergence

max {|x,. — x,.|,i =1,---,3N - 3} < Tolerance?

<

_’_+’+_

Choose new initial configuration

FIGURE 3 Diagram showing the it-
erative procedure to calculate the equi-
librium configuration and J factor. See
the text in following section for the
choices of constraints.

Check e, 'd§N+l) =+] and e, .dl(N“) =41

l++

Compute the second-order derivatives

Calculate J factor
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FIGURE 4 (Top) The intrinsic DNA helical path of a 156-bp construct
containing straight B-DNA as test sequence used for DNA cyclization with
its projection on the x—y plane (see the following section for details). In this
calculation, parameters for the B-DNA part are chosen as follows: intrinsic
twist angle, 34.45° and intrinsic tilt and roll angles, all zeros. Parameters for
A-tract curvature are from Koo et al. (1990) and all length units in helical
rise (3.4 A) or basepair (bp). (Bottom) The starting configuration in the
search for the equilibrium configuration by the iterative process. It is
generated by putting 48.46° tilt kinks at every 21 basepairs based on its
intrinsic shape shown in the top.

the six A-tracts in our constructs are phased in 10.5 bp,
instead of 10.33 bp for the maximal curvature of A-tracts
(Drak and Crothers, 1991). One of the initial tentative
configurations is shown in Fig. 4 (bottom) and its evolution
to the mechanical equilibrium configuration during the
iteration according to Eq. 16 is exhibited in Fig. 5, as
monitored by successive angular differences and intermedi-
ate J factors. The obvious exponential decay of configuration
to equilibrium can be explained by Eq. 17 when Eq. 18 is
satisfied in the late phase of the iteration process. If DNA
curvature enables two or several well-separated local energy
minima for a circle (Katritch and Vologodskii, 1997), the
corresponding configurations should be chosen for the
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FIGURE 5 Changes of the maximal absolute differences in bending or
twisting angles between two successive iteration steps and evolution of the J
factor calculated from intermediate configurations with only the first
derivative of the constraints incorporated. The initial configuration for this
calculation is shown in Fig. 4 (bottom). The flexibility is bending fluctuation
o, = 4.842° (P = 140 bp) and twist fluctuation o = 4.388° for both
generic B-DNA and A-tracts.

evaluations of J factors with the above procedures. Their
sum gives the J factor for the construct. However, this
situation has not been met throughout this study, probably
due to mainly planar DNA molecules considered here. A
single equilibrium configuration is obtained from different
initial configurations once its linking number is specified.

The intermediate J factor is calculated with the following
formula in which only the first-order derivatives of the
constraints are involved, i.e.,

2
J = &Texp{lCTBlC}. (46)
(47)"det(B) 4

The subsequent calculation of the complete J factor
involves the computations of the determinant and inverse of
a matrix (A4), which is much more time-consuming due to its
large dimension (~500 X 500 for cyclization constructs),
extending the CPU time of each J factor computation to 67 s.
It must be noted that, whereas we have chosen the length
unit as the helical rise per basepair in Eq. 44, the unit for the J
factor in Eq. 35 is 1 molecule//’, which has to be multiplied
by a factor of 4.226 X 10'° to convert to nM. Approaches
to compute the first- and second-order derivatives of those
constraints are presented in the Appendix. Subroutines for
the matrix inversion, determinant computation, and follow-
ing nonlinear optimization based on Levenberg-Marquardt
algorithm, are from the scientific computation software
IMSL, which is commercially available (Lahey Computer
Systems, Nevada). Programs in Fortran 90 are available from
our website (http://bass.chem.yale.edu/labdocs/).
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RESULTS
Configurations of circular DNA with curvature

Fig. 6 shows the equilibrium configurations of the two
topoisomers for a DNA construct containing three repeats of
a 10-bp nucleosome positioning sequence (TATAAACG-
CC) that was shown recently to have a 13° global bending
(Roychoudhury et al., 2000). It is evident that curvature can
have significant effects on the equilibrium configurations. It
must be pointed out that the observation of two topoisomers
only happens for the constructs with two ends almost
completely out of torsional phase. In this case, the J factors
for the two possible topoisomers are calculated and summed.
Practically, for the DNA constructs with total lengths from
150 bp to 168 bp, this principle is implemented by checking
q = H,— NINT(H,) where H, is the intrinsic helical repeat
of linear DNA and NINT(H,) the nearest integer of H,. If
0.45 = |q| = 0.3, then the two topoisomers bearing linking

L=15, H=15.05, J =4.91 nM

L=16, H=15.98, J =3.87 nM

FIGURE 6 The calculated equilibrium configurations of two topoisomers
for the 162-bp DNA construct containing three repeats of the 10-bp nucleo-
some positioning sequences. The same DNA parameters as those in Table 3 in
Roychoudhury et al. (2000) are used. The linking numbers (15 and 16), total
helical turns (H;) of circular DNA, and J factors are indicated, respectively.
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numbers closest to H, are considered; otherwise the single
circle with a linking number NINT(H,) is calculated.

Sensitivities of DNA cyclization for the
measurements of DNA bending and flexibility

A standard protocol has been developed to measure the DNA
bending and flexibility by cyclization (Crothers et al., 1992;
Kahn and Crothers, 1992; Kahn et al., 1994; Sitlani and
Crothers, 1996; Roychoudhury et al., 2000). The DNA
constructs contain a segment of 60-bp phased A-tracts and
a small piece of DNA of interest, i.e., a test sequence. The
remaining DNA is assumed to be straight, with normal
B-DNA character. Two strategies have been used to acquire
the global structural information of the test sequence. In the
phasing assay, the phasing between the A-tract portion and
the test sequence is varied by changing intermediate DNA
length while keeping the total DNA length fixed. This assay
is most sensitive to curvature and bending flexibility. In
the total length assay, the total DNA length is varied from
150 bp to 170 bp, with the phasing unchanged. This assay is
primarily affected by the bending flexibility, helical repeat,
and torsional modulus. To amplify the geometric and mech-
anical effects, two to three repeats of the sequence motifs
of interest are often put in phase as the test sequence.

We first investigate how an intrinsic kink in the middle of
a 30-bp test sequence affects the equilibrium bending. The
equilibrium angles of a circularized 156-bp DNA construct
with a 10° kink (roll) are shown in Fig. 7. One of the main
characteristics of the bending profiles is that the bending of
the basepairs decreases near in-phase kinks, which explains
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FIGURE 7 The mechanical equilibrium angles for a 156-bp circularized
DNA molecule with a 12-bp phasing length between the A-tract portion and
a 30-bp test sequence. The test sequence has the B-DNA characters, i.e., zero
roll and tilt, 4.68° bending flexibility, 34.45° twist, and 4.338° twisting
flexibility, except for a 10-degree kink in the middle. The A-tracts have
4.842° bending flexibility and the same twisting flexibility.
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the smaller bending for the A-tract regions, except for the
kinks used in modeling the A-tract curvature. As a conse-
quence, the amplitude of the bending increases when the
basepair becomes far away from the center of the A-tract
portion. The coupling between bending and twisting renders
discontinuous changes of the twist angles, which was also
observed in an elastic rod model (Bauer et al., 1993). The 10°
intrinsic roll is reduced inasmuch as its intrinsic bending
direction is completely out of phase with the global curvature
of the A-tracts, which is evident in Fig. 8 A. In this figure, the
variation of the J factor vs. the phasing length is shown. For
the calculations in this figure as well as in Fig. 8 B, the test
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sequence is supposed to contain three repeats of 10-bp
sequences with the kinks indicated in the middle of each
sequence motif. The periodic dependence of the J factor on
the phasing length is consistent with the helical structure of
DNA. The first peak is slightly smaller than other two
because its position is closer to the A-tract portion and in
aregion with smaller bending amplitude, as shown in Fig. 7.

To check the sensitivity of cyclization for measuring
curvature, the ratio of the maximal J factor to the minimal
one for the phasing lengths from 10 to 42 bp is plotted in
Fig. 8 B with intrinsic bending angle up to 10° for each of the
three kinks. We found that an almost exponential relation-
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FIGURE 8 (A) Variation of J factor as a function of phasing length. (B) An exponential dependence of the ratio J,,/Jmin upon curvature. The curvature
given in both (4) and (B) is the bending magnitude of each of three 10-bp test sequence motifs composing the whole test sequence, as is often used in
cyclization experiments. (C) Effects of DNA flexibility in the total length assay. The unit for persistence length P is bp and the unit for twisting flexibility 7 is

107" erg X cm. (D) Change of helical repeat. The reference curve labeled by P =

150, T = 2.4 is the same as that in (C) with a helical repeat of 10.45 (or

34.45° twist). Note that in (C) and (D) the flexibility and helical repeat changes are only done for the 30-bp straight test sequence. Parameters not indicated are

the same as those in Fig. 7 except the 10° roll.
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ship is observed in this region. This feature demonstrates the
sensitivity advantage of DNA cyclization over the other
methods for the same aim, such as comparative gel elec-
trophoresis and transient electric dichroism, in which the
observable quantities have essentially linear dependences on
the curvature. Supposing that the relative error of the J factor
can be determined within 40%, it is estimated from the
theory that the smallest observable curvature by the phasing
assay is ~1.2°. Such a small angle in principle can occur in
any so-called generic B-DNA sequence. Our experimental
experience also shows that it seems to be more difficult to
find a piece of satisfactorily straight DNA than a curved one
under the scrutiny of DNA cyclization.

Fig. 8, C and D show how the J factors change with
different parameters in the total length assay from theoretical
simulations. In Fig. 8 C the persistence length or torsional
modulus of a straight test sequence is doubled or halved
from reference values of 150 bp for persistence length and
2.4 X 107" erg X cm for torsional modulus, respectively.
Changes in bending flexibility cause a nearly global upward
or downward shift (six- to ninefold in this case) of J factors
in their logarithm scales. However, variations in twisting
flexibility exhibit different profiles. Large changes (1.8- to
2.3-fold) in J factors are only prominent near minimal points
of the curves, where two ends of DNA constructs are almost
out-of-phase. Large twisting energy must be overcome to
bring two ends in phase to form a ligatable circle. Therefore,
changes in twisting energy have a dramatic effect on J factor.
In contrast, the J factors around the maximal points barely
change inasmuch as the corresponding constructs here
already have almost in-phase torsional angles. The slight
decrease (increase) upon decrease (increase) in torsional
modulus results completely from entropy effect in aligning
two ends for cyclizations. As a conclusion, a higher torsional
modulus leads to a larger amplitude of variation in the curve
of log(J) vs. total DNA length and vice versa. However, it
must be pointed out that this relation is only valid for straight
test sequences or curved ones with global bending direction
exactly in phase with that of the A-tracts. Otherwise, the
twisting flexibility has significant effects on the coupling
between the two out-of-plane bends. In this case, decrease in
torsional modulus promotes the alignment of the two bends,
which may counteract the small entropy effect and lead to an
increase of the J factors near maxima, instead of a decrease
as in the previous analysis. As a result, the amplitude of the
curve from the total length assay may not simply reflect the
twisting flexibility. This may make the assay relatively
insensitive to the torsional modulus and cause its poor
measurement. For example, in a recent study for a DNA
sequence with high affinity for histones, a 16-bp phasing
length, instead of a 14.5-bp optimal length, was used for the
total length assay. Although the sequence is shown to have
reduced torsional modulus compared with a control, its
amplitude is almost same as the latter. It is also noted that the
best-fit torsional modulus locates within a broad bottom of
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fitting error (Fig. 4 C in Roychoudhury et al., 2000). To
conclude, in cyclization experiments, the phasing assay
should be first performed to estimate the magnitude and
direction of curvature of test sequence. Then the phasing
length with highest J factor is chosen for the total length
assay. Comparing the magnitudes of the changes in J factor
due to the same fold changes in the persistence length and
torsional modulus, the bending flexibility has greater effects.
This is because the total deformation for transverse bending
is ~360-108 (the intrinsic curvature from A-tracts) = 252°,
and for twisting, 180°, although they have close force
constants. Fig. 8 D shows the effect of change in helical
repeat in the total length assay, which is characterized by the
significant global shift in horizontal axis.

The above analyses of the dependence of J factor upon
different parameters in the phasing assay and the total length
assay help the qualitative estimation of the geometric and
mechanical characters of a test sequence. For an accurate
quantitation, a multiparameter optimization is needed to
convolute their contributions. The coupling of the bending
and flexibility in DNA cyclization complicates the data
interpretation and a tedious multidimensional optimization
with Monte Carlo simulation had to be utilized (Crothers
etal., 1992; Roychoudhury et al., 2000; Nathan and Crothers,
2002). As will be seen later, this problem can be readily
solved by our new approach with gradient searches.

Simulations of the cyclization data and
comparisons with Monte Carlo simulations

The new approach is applied to the simulation of the
cyclization data for three repeats of the 10 mer CGCG-
AATTCG recently finished in our laboratory (Nathan and
Crothers, 2002), which was analyzed with Monte Carlo
simulation. For all combinations of the discrete parameters,
i.e., bending position and model (tilt or roll), simultaneous
optimizations of four parameters are performed by the
Levenberg-Marquardt algorithm with analytical gradients
and their fitting errors compared. The fitting error is defined as

1/2
Tonor = {,\L;[log(dsim)i — log(Jexp)i]z} 47)
where Ny is total number of data points and Jg;, and Jeyp, are
simulated and experimental J factors, respectively. The error
is calculated after the minimizations of Ny eror VS. bending
and twist flexibility, bending magnitude, and twist angle is
finished. Once the best-fitted parameters are found, their
standard deviations can be obtained by computing the good-
ness-of-fit parameter (Bevington and Robinson, 1992), i.e.,

o { log(in), — og(dey)] } )

i=1 error

Here we have assumed that the uncertainties of experimental
data log(Jg;,); are all same and that they can be estimated
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TABLE 1 Comparisons between the best-fit global structural parameters for CGCGAATTCG

Bending Bending Twist
Fitting Bending Amplitude Flexibility Twist Flexibility
Method Error Position (degree) (degree) (degree) (IO’IQerg X cm)
MC(ND) 0.181 6 -7 5.3 34.29 2.0
HA 0.163 6 —7.63 (0.55) 5.44 (0.09) 34.32 (0.14) 1.03 (0.33)

The parameters from Monte Carlo (M C) simulation shown here are from Nathan and Crothers (2002). The values in parentheses are standard deviations
calculated with our new approach based on the harmonic approximation (4 A4). The position and amplitudes shown in the table mean that the global curvature
can be modeled with a bend ~7-8°, depending on fitting methods, toward the minor groove at the AT dinucleotide step. The bending flexibility from HA

corresponds to a persistence length of 111.0 = 3.7 bp.

from the fitting error defined in Eq. 47. The variation of x?
with each individual parameter (denoted as a in general) is
calculated in the vicinity of its best-fitted value, i.e., @', and
fitted with following formula:

,_(@-ay

X = + X2, (49)

2
(Ta

where o2 and Xf are two constants with o, the standard

deviation.

Table 1 shows the best-fit parameters and their deviations
for 22 data points from both the phasing assay and the total
length assay. The best-fit parameters from Monte Carlo
simulations are given as well (Nathan and Crothers, 2002).
The slight difference in curvature may come from in-
complete optimization due to its coarse step search in the
Monte Carlo simulation. The calculated J factors with these
parameters are compared with experimental data in the total
length assay, as shown in Fig. 9. It can be seen that our
approach is able to fit the data well. The two sets of best-fit
parameters deviate significantly only in the twist flexibilities.
Two reasons may cause the large differences. One is the
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FIGURE 9 Comparisons of the simulations from our new approach to the
experimental cyclization data for the EcoR I site-containing sequence
(Nathan and Crothers, 2002) and to the Monte Carlo simulation. The best-fit
parameters are shown in Table 1. The Monte Carlo simulations are
independently performed with our best-fit parameters.
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relatively low sensitivity of the experimental data to the
torsional modulus, as exhibited by the large relative error for
the best-fit value. This characteristic has also been magnified
by Monte Carlo simulations (Roychoudhury et al., 2000).
Our previous sensitivity analyses rationalize these general

Error for curvature

Error

21.2

—1 r 1T r 11t 1t 71
-81 80 -7¢ -78 -7.7 -76 -75 -74 73 -72

B Roll (degree)

Error for bending flexibility
28

Error
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Bending fluctuation (degree)

FIGURE 10 Variations of the goodness-of-fit parameter with curvature
(A) and bending flexibility (B) near their optimal values used to calculate
their standard deviations. The curves are fitted with Eq. 49 for which
parameters a’ and )(20 are —7.68 and 21.11 for (A4) and 5.44 and 21.16 for
(B), respectively, with the associated standard deviations shown in Table 1.
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observations. The other one is related to the stochastic
character of Monte Carlo simulations. The fluctuations,
especially for the poor cyclizers that contribute much
information for twisting flexibility, may vary the best-fit
parameters between different batches of simulations. In-
dependent Monte Carlo simulations, using our parameters,
decrease the fitting error from 0.181 to 0.169, virtually the
same as the fitting error of 0.163 from the HA method. To
show the accuracies of our best-fit parameters and illustrate
their computations, the goodness-of-fit parameters x> for the
curvature and bending flexibility are shown in Fig. 10.
Compared with a recent NMR structure for the same EcoR I
sequence (Tjandra et al., 2000), the accuracy of DNA cycli-
zation in determining global curvature is at least as good, if
not better, than that of the most advanced NMR technique.

We use the constructs in the total length assay to compare
J factors computed from both the Monte Carlo simulation
and our new approach based on the harmonic approximation
(HA), using our best-fit parameters, as shown in Fig. 9. The
Monte Carlo simulation given by Levene and Crothers
(1986), Kahn and Crothers (1998), and Roychoudhury et al.
(2000) are followed. To get a reliable J factor, as many as
5 X 10? total DNA configurations often have to be sampled,
depending on J factor. Each calculation takes from 20 to 120
min with the same 1-GHz processor. The J factors in Fig. 9
are averages of three independent simulations. Compared
with results from MC, the differences from our approach are
generally within 30%. The only exception is N = 151, for
which the J factor from HA is 34% less. The matches for
good cyclizers are usually better than for poor cyclizers.
Considering the stochastic nature and possible systematic
errors of the Monte Carlo simulation due to finite sampling
windows, we conclude that the two approaches are well con-
sistent for small DNA circles and that our new approach can
replace MC for the interpretations of DNA cyclization data.

Configuration fluctuations and their correlations
in circular DNA

The good match between Monte Carlo simulation and our
new approach suggests that the Taylor expansion in Eq. 26
well approximates the exact constraint in Eq. 4 for thermo-
dynamically accessible configurations. The circularization
of DNA significantly reduces its phase space compared
to free DNA, which renders the good approximations.
Is this reduction realized by limiting the fluctuations of
individual basepairs or global configuration fluctuations? To
reply to this question, we calculated the basepair fluctuations
around their mechanical equilibrium configurations. Shown
in Fig. 11 A is the ratio of the fluctuation of each basepair in
circular DNA to that of free DNA. To our surprise, we found
that although the fluctuations for some basepairs decrease
due to the strains in circular DNA, a large portion of basepairs
have enhanced fluctuations. In general the modulation of the
fluctuation in forming DNA circles is very low, with an
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FIGURE 11 Basepair fluctuations (4) and correlations (B) calculated

with Egs. 36 and 37 for the construct with N = 156 and reference values of
P =150 and T'= 2.4 in Fig. 8, C and D.

average less than 1% for all three kinds of angular param-
eters. This observation clearly demonstrates that circle
formation does not reduce the individual basepair fluctua-
tions. It appears that each basepair fluctuates freely as if in
free DNA. This case happens only in correlated global move-
ments. The deformation of a certain basepair due to thermal
agitation is responded to by concerted deformations of all
other basepairs, thus alleviating its resistance. This point is
verified by the fluctuation correlations shown in Fig. 11 B.
Here the correlation between tilt of the first dinucleotide step
and all other degrees of motion are exhibited. The correla-
tions extend to all basepairs, consistent with global concerted
motions, which is contrary to many thermodynamical sys-
tems where local correlations dominate, leading to correlation
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function decay over distance. Note that the fluctuations
in Fig. 11 A4 have nearly half periods compared to that of cor-
relations in Fig. 11 B which are about the helical repeat of
circular DNA.

The global configuration fluctuations could be mainly in
plane or out of plane. To distinguish, we calculate the aver-
age writhes and their fluctuations for DNA constructs with
different lengths. For small DNA circles involved in DNA
cyclization, we found that their mechanical equilibrium
configurations are largely in plane. Therefore their linking
numbers Lk must be integers closest to their helical repeats,
H,ie.,

Lk = NINT(H,). (50)

Then the average writhe is
(Wr) = Lk — (Tw) = NINT(H,) — H, (51)

where Tw is twist of circular DNA, i.e.,
1 N
TW = ie 52
. ; T (52)

The writhe fluctuation can be calculated through twist
fluctuation, which is

W) = (L= H)' + - % ), 63)
T ije{r)

where the sum is limited to twisting angles. Thus the
calculation of writhe fluctuations is reduced to the com-
putation of twisting fluctuations and correlations. Fig. 12
shows the average writhes and writhe fluctuations for the
constructs whose J factors were given in Fig. 8 C. As pre-
viously mentioned, two topoisomers are considered for 151-,
161-, and 162-bp constructs due to the out-of-torsional
matches for their ends. The points on the lines are averages
of the two corresponding quantities weighted by their J
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FIGURE 12 The average writhe (Wr) and writhe fluctuation /(Wr?) for

the constructs in the total length assay shown in Fig. 8 C with the reference
values.
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factors. Both writhe and writhe fluctuation roughly correlate
to the twisting strain in a DNA circle. Their small values
suggest that for small DNA circles the configuration
fluctuations are mainly near planes where the mechanical
equilibrium configurations lie. This fact partially explains
why the replacement of the constraints with their Taylor
expansion, up to second order, works well.

J factors for homogeneous DNA with isotropic
or anisotropic bending flexibility

We denote o, and oy, as the bending fluctuations of roll
and tilt (Levene and Crothers, 1986), respectively, and define
their ratio oo /0 as the bending anisotropy r. Thus the
isotropic DNA corresponds to a special case of r = 1. It is
found that the equilibrium configuration of the circular DNA
in a low twist strain can be well fitted by the following
formula:

. 4 .
Tlltei = —mcos[w(l — 1) +6},
4arr? ,
ROlld)i = msm[w(l — 1) + 8],

Twistt; = w = 27L/N,

L: Linking number,

i=1,...,N. (54)

Here the parameter § is an arbitrary constant related to the
rotational symmetry of the circular DNA path as well as the
inward or outward phasing of basepairs relative to the
bending direction (Fuurer et al., 2000). The errors for these
expressions are less than 1072 degree in general and 107>
degree for the case of r = 1. For the isotropic chain the helical
path of the DNA lies absolutely in a plane with a normal n =
—cos(8)e; + sin(d)e, and all basepairs rotate along this axis
with approximately equal angles of (6;% + ¢>)"* = 2m/N.
The sinusoid changes of tilt and roll in a circular DNA have
been previously noticed, but no explicit mathematical
expression were given (Namoradze et al., 1977).

The degenerate minimum energy configurations of homo-
geneous DNA invalidate the application of Eq. 35, which
leads to enormously large J factors. To employ the harmonic
approximation, we need to remove this degeneracy, taking
advantage of the rotational symmetry. Suppose in Eq. 20 x;
and x, represent the tilt and roll of the first dinucleotide
step, respectively, and make the following variable trans-
formation

{ X; = écosm
X, = &sinm (59)

where ¢ is the bending amplitude and 7 gives the bending
direction. Then Eq. 20 can be rewritten as
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Here the additional term ¢ in the integral is Jacobian for the
variable transformation in Eq. 55. In the second equation the
rotational symmetry is used to remove the degeneracy. As
a result, the configuration with a zero tilt angle for the first
dinucleotide step is chosen for computation of the J factor,
equivalent to choosing 6 = 77/2 in Eq. 54. The approximation
for the third equation comes from the extension of the
integration limit for & The variables in this equation are
renumbered for convenience. Expressing the angular
variables with their fluctuations, i.e.,

X = 27T/N +u;
(57)

K ::Xui+'uh i ::27...,3N —'4,

where x.;,i=2,...,3N — 4 are given by Eq. 54 with 6 = @/
2, we can replay the harmonic approximation, yielding,

4772 872 /e Es
_m ™y (58)

J
N /7 det(A)det(F)

Here the matrices A and F are same as those defined in Eqgs.
39 and 40 except that 3N — 4, instead of 3N — 3, variables
are involved in the calculations of their first- and second-
order derivatives due to the fixed tilt of the first dinucleotide
step. Therefore, the dimension of A matrix becomes (3N —
4) X BN —4).

The calculated total J factor vs. DNA length for
homogeneous DNA is shown in Fig. 13. It clearly
demonstrates the importance of entropy effects in DNA
cyclization, necessitating the statistical mechanical treat-
ment. Consider the cases where ¢ = 0 (corresponding to the
sharp peaks). For small DNA sizes, significant bending
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energy needs to be overcome to form a circle, thus energy
dominated; whereas for long DNA, its flexibility dilutes the
effective concentration of one end at the other, resulting in
a decrease in the peaks. This observation cannot be explained
by any models where only elastic energy is concerned
(Manning et al., 1996) because the bending energy of
circular DNA, i.e.,
27

decreases monotonically with DNA length. The sharp
variation of J factor is caused by the helical structure of
DNA, with their amplitude decreasing with DNA length due
to twisting flexibility. Also shown in Fig. 13 are the J factors
calculated from an empirical formula obtained by Shimada
and Yamakawa (1984). Each J factor contains the con-
tributions from topoisomers with |¢|K/K, = 1.45 in which
the formula is valid. We leave a discussion of the apparent
discrepancies between the J factors calculated from the two
models to the forthcoming section.

It is well known that the mechanical equilibrium of the
planar DNA circle with isotropic bending flexibility becomes
unstable when the difference in helical repeats between circle
and linear DNA, i.e., |g|, is bigger than a critical value of
qc = V3K, /K where K, and K; are force constants for
bending and twisting, respectively (Benham, 1977; Lebret,
1979). As the twisting strain gradually passes above this
value, the DNA molecule transits to a plectonemic super-
coiled configuration. However, the stabilities of the config-
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FIGURE 13 Variation of the total J factor vs. DNA length calculated
from Eq. 58 (ZC) or Shimada and Yamakawa’s empirical formula (SY) for
homogeneous DNA (zero roll and tilt, 34.45° twist, 4.68° bending
flexibility, and 4.388° twisting flexibility).
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urations given by Eq. 54 are more complex. For small DNA
circles, some configurations, even with |¢| < ¢., become
unstable—which means that if input with these configu-
rations, the iterations either converge to loops instead of
circles or do not converge at all, whereas for long DNA,
configurations with |¢| < g. can be stable in the sense of our
iteration algorithm. For example, with the parameters in Fig.
13, g. = 1.52. When N = 222, the only stable configuration
is the one with a linking number of 21 (¢ = 0.244). Although
the topoisomer whose linking number is 20 has |g| < g, itis
not stable. In contrast, for DNA with N = 500, the
topoisomers with linking numbers from 45 (¢ = —2.85) to
50 (g = 2.15) are stable. It is found that for DNA circles with
large strain, or big |¢|, their corresponding matrices A and F
always have negative determinants. Take N = 500, for
example. The topoisomers that have the positive determi-
nants are ones bearing linking numbers of 47 (¢ = —0.85)
and 48 (¢ = 0.15), with the others having negative
determinants. Opposite signs for the determinants of A and
F indicate that the integral for Z. in Eq. 56 diverges under
the harmonic approximation, which has never been observed
for stable configurations. Large torsional strain will convert
closed DNA to a variety of supercoiling states, in which self-
contacts between different parts of the DNA molecule
become important (Bloomfield et al., 2000). Since in-
teraction representing self-contact is not incorporated in the
Hamiltonian in Eq. 1, it is not applicable in the high
supercoiling states. Our J factors shown in Fig. 13 include
the contributions from all stable topoisomers with |¢| < ¢..

It is of interest to check the effects of bending anisotropy
on cyclization (Munteanu et al., 1998). A recent survey of
DNA crystallographic structures suggests that the average
roll fluctuation for all dinucleotide steps is ~1.5-fold larger
than that of tilt (Olson et al., 1998). However, previous
Monte Carlo simulations showed that the bending anisotropy
rarely affects the J factors as long as the persistence length
(P = 2/(0%on + 04 in this case) is fixed (Levene and
Crothers, 1986; Schurr et al., 1995). Our calculations support
this conclusion: less than a 10% change in J factor is
observed for an ~100-fold change in bending anisotropy.
This fact can be partially interpreted by the independence of
the bending energy, which can be calculated from the
configuration given by Eq. 54 and is still expressed by Eq.
59, on the bending anisotropy r. The rather weak dependence
of J factor on the bending anisotropy also holds for the
constructs with intrinsic curvature. Therefore, for simplicity
we neglect the bending anisotropy in our model for all the
previous calculations. It is also noted that in the anisotropy
case a break in symmetry occurs with the strain energy no
longer uniformly distributed along the DNA chain.

DISCUSSION

The solution to Eq. 7 gives a stationary point of the high-
dimensional energy function subject to the constraints for
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circularization. Although this solution is stable or metastable
from the viewpoint of our iterative algorithm, it is not
necessarily stable from the sense of mechanical stability.
To be a stable mechanical equilibrium configuration, the
stationary point has to be a minimum point, instead of
a saddle point. For a multivariable function without
constraints, a minimum point is often the stationary point
whose corresponding Hessian matrix is positive definite,
with a resultant positive determinant and eigenvalues (Riley
et al.,, 1997). We are not sure whether or not a similar
criterion exists for a constrained system and failed to derive
one that can be conveniently implemented. We conjecture
that the mechanical stability of our converged configuration
has something to do with the second derivative of the
constraints and related matrices A and F in Eqgs. 35 and 58.
But it must be pointed out that in several cases tested, both
matrices are not positive-definite.

An early theory for the calculation of the ring-closure
probabilities for homogeneous twist wormlike chains
(Shimada and Yamakawa, 1984) has had some applications
to DNA cyclization (Bacolla et al., 1997). After the dis-
cretization of their continuum model, the system is param-
eterized by Euler angles defined in external coordinates,
instead of dinucleotide steps in our model. To incorporate
the second-order derivatives of their different set of con-
straints from ours, they utilized the perturbation approach
by assuming that these terms make only small corrections
to J factors compared to the first-order derivative terms. In
developing our harmonic approximation, we also tried the
similar perturbation method and found that the corrections
from the second-order derivative terms are often not small,
sometimes leading even to negative total J factors. This
observation can be understood from Eq. 28 where both the
first- and second-order derivative terms show up after the
harmonic approximation, suggesting equal importance of
the two terms. Our numerical experiments also confirm this
point: incorporation of the second-order derivatives enhances
the J factors by around twofold compared to the cases where
only the first-order derivatives are considered, as shown in
Fig. 8 D. It is not clear whether the differences in the model
or the differences in the methods of approximations cause the
large discrepancies between J factors calculated from two
approaches. For the former, it would be interesting to
discretize the continuum model in dinuclotide steps to make
term-by-term comparisons. It has been widely noted that
discrete models can exhibit behaviors significantly different
from their continuum version (Zhang et al., 1997).

In our model, kinetic terms from basepair rotation are
neglected. These terms can be factorized out in the
calculation of the J factor in terms of Eq. 2 by trans-
formations of general canonical coordinates, above which
a complete Hamiltonian including the kinetic terms is
defined, to noncanonical coordinates parameterized by tilt,
roll, and twist. However, a Jacobian due to the variable
transformations, i.e.,
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H cos(6;) (60)

will appear in the integrals of the partition functions in Egs. 3
and 5 (Gonzalez and Maddocks, 2001). It can be shown that

this term is to guarantee unbiased relative orientations of
basepairs if the energy penalty is removed, i.e., ¢; = 0,1 =
1,...,3N — 3. In our calculations, a unit approximation for
the above factor is assumed, as well as in the Monte Carlo
simulations (Levene and Crothers, 1986). Although this
approximation breaks the uniform distribution of a free rigid
body in its whole coordinate space, the uniformity is largely
kept around a small region that is thermodynamically
accessible for our system (in the presence of the energy
penalty). As a consequence, the unit approximation for the
Jacobian is well justified for the calculations of J factors. An
estimation given in the Appendix reveals that the error due to
the approximation is within 5%.

Finally, it is worth pointing out that, besides DNA
cyclization, our new theory has the potential to be applied to
a variety of systems where DNA sequence inhomogeneity is
of interest; for example, the modeling of nucleosome
structure, DNA looping, and DNA supercoiling.

APPENDIX A

The following formulas (Reichl, 1980) have been used for the calculations of
J factors and fluctuation and correlation functions:

+0 e
J_& dx, - - - dx, exp(—x"gx) = F(g)’ (61)

_ f: dx; - - - dx,X; exp(—x"gx)

X) = =2 =0, 62
(i) J:c dx; - - - dx, exp(—xTgx) (62)
and
+oo
Codx, - dxxX exp(—xTgx) 1
<Xin> = j T 1 ! T =5 (g ])ij7 (63)
|7, dx, - dx, exp(—xTgx) 2
where i,j=1,... . n,x =(xy, ... ,x“)T, and g is a symmetric matrix which

ensures the existence of the integral. With help of the above identities, all the
calculations are related to the manipulations of the block matrix M defined
in Eq. 32. Suppose X and Y are matrices with shapes n X nandn X m,
respectively, and with the existence of X ', then applying elementary
transformations to a block matrix, one can prove two identities below:

151
X v
det = (—1)"det(X)det(Y'X'Y),  (64)
Y' o
and
—x'v'x'y) v'x X r(y'x'y)”
(65)

Y'x'y) 'Y'x! —(Y"'x'y)”

Eq. 65 can be directly checked by matrix multiplication. One may
simplify it as

x v\' 0 (xy"'y

Yoo yoyy! —@x "'/ 66

by assuming that (Y¥") ' exists. Unfortunately this prerequisite is not met in
our application inasmuch as det(8B") = 0.
Using Eq. 64, one has

det(M) = 4Lmdet( Ndet(BTA'T'B)
= %det(Qz)det(A)det(ﬁ’TQ” A0 B

== H adet(A)det(F), (67)

where Eqgs. 15, 39, and 40 have been used. Substituting Eq. 67 into Eq. 34
and noting Eqgs. 2 and 3, one has Eq. 35. Similarly, using Egs. 62, 63, and 65,
one can approve Eqs. 36-38.

To simplify the computations of the first and second order derivatives of
the constrains, the following formulas are used:

8d(3N+]> _ @) g(N+1)
g DA
8d(1NH) (i) g(N+1D)
90 =D"d;""",
ar(NH) ) )
— ) (4 (N+1 (i+1
g = DU =), (68)
and
82d(N+1) ) ) ]
781,[;“)38(!;0) = D(l)D(J)dgN+l)7 lf] > i,
1 2
82dgN+'> - RV G T _—
D90 DA ¢ ydy it =i,
o, o, i) Oty
PN+ - _
W :D(l)D(J)(r(N+1) —r(‘“)), ifj > i,
1 2
Priv i OR" i )N\ T ; e .
EYIGEYI :G(>a¢<i>a¢<i>( FEO ) =) it =1,
1 2 1 2

(69)
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where
(i)
D(i) = G(i) aR(.) (G(i+l))T
alpl )
G =RV x ... xR i=2..N,
Gh =1, (70)

with \P(i>,‘lf(li),\l’(2j) € {6, ¢, 7} corresponding to basepairiand i, j =1, ...,
N. The second derivatives of d; ™ can be calculated similarly to P AC

To simulate the cyclization data with our new approach, we need to
optimize the parameters of the test sequence by minimizing the following
error between simulated and measured J factors, i.e.,

Ng

Y (10g (Jim); — 10g(Jesp);) - (71)

i=l1

There are two types of parameters to be optimized—the geometric
parameters, such as curvature and torsion angle, designated as x,, and
mechanical parameters, such as bending and twisting flexibility, designated
as a. Both parameters are associated with some degrees of freedom whose
indices belong to sets designated as {xo} and {a}, respectively. To carry out
the optimization by the Levenberg-Marquardt approach, gradients of log J
vs. the parameters mentioned above are required. Although estimations of
the gradient by finite difference work, the resultant optimization algorithm is
not as robust as that with analytic gradients. The gradients for the two types
of parameters are calculated under the assumption of the independence of the
mechanical equilibrium configuration upon the parameters, with results
shown below:

Jlnd
=2 a;i(Xei — Xo),
%o 16%‘3} (Xei = %)
olnd 1 2 )
a ie{zxo} [Za — O %) = (U g

We now consider the correction for the J factor by including the Jacobian
factor. To avoid confusion, we rewrite the corresponding notations by
adding a prime sign in the presence of the Jacobian. Then

+0
7' = J exp(—BH) H cos (X )X - - - dX3n-1)

*© ie{0}

1
=Z [ ] cos(xa;)exp (— m)’ (73)

i€{6} !

where the multiplication is limited to tilt angles, with Z given in Eq. 3. To
calculate Z;, we expand the Jacobian factor around the mechanical
equilibrium configuration, i.e.,

H cos(x) = H(cos(xc,i)cos(ui) — sin(X.;)sin(u;))

ie{6} ie{0}

~ H cos(X;) | [ 1 —% Yoo

ic{0} ic{0} (74)

Here the terms with orders higher than two are neglected. Then

Z.~Z, H cos(X.;) | [ 1 —% Y, ). (75

ic{6} ie{o}
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Therefore,

(1= 3% 2),)
X
(1 - %Zie{e} U?)

We have previously shown that the fluctuations of basepairs upon
cyclization rarely change. Neglecting the second term in the right side of Eq.
76, we can see that the correction due to the Jacobian is determined by the
shifts of equilibrium configurations before and after circularization, thus
depending upon J factor. Without losing generality, we choose homogenous
DNA to estimate the corrections, yielding

J’ T
TR (77)

Here, Eq. 54 has been used. For N = 220 whose J factor compares to the
lowest one for the constructs in DNA cyclization, the inclusion of the
Jacobian decrease the J factor by 4.5%.

o Hcos(xc‘i)

J cos(Xo;) (76)

ic{0}
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